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Ferroelectric random access memory ~FRAM! has attracted much attention in the last two decades
due to its ideal properties such as nonvolatility, high speed, and low power consumption. There is
a strong incentive to develop high-density FRAMs, in which the switched domains, developed under
low voltage or short pulses, are necessarily very small, and are therefore usually unstable and suffer
from significant backswitching upon removal of the external voltage. In this investigation, a general
form of energy expression for a ferroelectric material containing 180° domains is derived, from
which evolution equations of the domain are established. By choosing the change in internal energy
as the Liapunov function, a general formulation is developed to determine the stability conditions of
the switched domain. This is applied to the case of an ellipsoidal 180° domain and yields a criterion
for the stability of switched domains. We note that our approach is generally applicable to many
other fields, including phase transformation, nucleation, expansion of dislocation loops in thin films,
etc. © 2003 American Institute of Physics. @DOI: 10.1063/1.1578529#I. INTRODUCTION
Ferroelectric materials fall into a special group of polar
dielectrics in which the spontaneous polarization can be
switched with an external electric field. Different ferroelec-
tric domains have different piezoelectric, pyroelectric,
electro-optic, and nonlinear optic constants, and many appli-
cations of the ferroelectric materials are derived from this
characteristic. Over the last decade, interest in ferroelectrics
has dramatically increased due to their wide application in
various electronic and optoelectronic devices, and as a result
of recent achievements in the processing of ferroelectric thin
films.
The unique ability of a ferroelectric film to maintain its
polarization even in the absence of an external voltage makes
it very useful as a nonvolatile memory device. Random ac-
cess memory ~FRAM! devices made from ferroelectrics have
attracted much attention recently, due to their ideal properties
such as nonvolatility, high speed, and low power
consumption.1,2
The development of high-density FRAMs requires the
fabrication of switched domains of very small size under low
voltage or short pulses. Recently, atomic-force microscopes
~AFMs! have been successfully used to imprint ~or ‘‘write’’!
small ferroelectric domains onto the surface of ferroelectric
materials.3 Devices prepared in this way have been proposed
for possible use as high-density nonvolatile memory because
of the very small feature size achievable using this tech-
nique. Polarization in AFM writing is accomplished with the
high electric field of the AFM tip. There is no need to use a
top electrode, like in the usual poling process. However,
without electrodes, there is no bound charge to tie the polar-
ization charge. Therefore, the depolarization energy may
cause serious depoling when the AFM tip is removed. Li
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surface ferroelectric domain, and found that the domain is
unstable unless the surface charge is compensated. Therefore
it is very important for us to know the stability conditions for
a domain in the absence of an external electric field. In this
regard, the critical dimension of a stable 180° domain ~i.e.,
one that does not switch back after the removal of external
voltage!, induced by the AFM tip on the surface of a ferro-
electric material, is important information for fabricating
ferroelectric memories with reliable retention properties.
Due to the direct influence of domain structures on the
macroscopic properties of ferroelectric samples, many fabri-
cation techniques are based on domain structure optimiza-
tion. In general, a 180° domain evolves under combined ac-
tion of the externally applied electric field, the depolarization
field, the surface tension of the domain wall, and an internal
electric field that may originate from defects in the material.5
Under an external electric field, a 180° domain nucleates and
expands, but may shrink back under action of the depolar-
ization field and surface tension when the external field is
removed.
Since domain switching has profound effects on the per-
formance of devices made of ferroelectrics, a lot of research
work has been done to understand the phenomena. In an
early study, Landauer6 considered the possible formation of
thermally induced, spike-shaped domains of reversed polar-
ization in BaTiO3 . Rickman et al.7 reported treatment of
twin domain formation energetics in ferroelectric materials.
Speck et al.8 described domain formation in epitaxial sys-
tems in terms of a defect theory. The kinetics of domain wall
evaluation were considered by Loge and Suo.9 Gopalan and
Mitchell5 carried out a systematic study of the switching
time, domain wall velocities, and stabilization mechanisms
of 180° domains in Z-cut LiTaO3 crystals. Huo and Jiang10
and Rosakis and Jiang11 proposed a continuum model for
domain switching in polycrystalline ferroelectric ceramics,
and studied the morphology of ferroelectric domains. Lynch© 2003 American Institute of Physics
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based on a domain switching mechanism. Wang and Xiao13
investigated the dynamic process of domain switching. Yang
et al.14 made a direct optical observation of pinning and
bowing of a single 180° ferroelectric domain wall under a
uniformly applied electric field using a collection mode near-
field scanning optical microscope. Li and Weng15 developed
a micromechanical theory for the nonlinear behavior of fer-
roelectrics. Recently, domain switching and the back-
switching process have attracted many researchers. For ex-
ample, Matyjasek16 studied the depolarization effect in a
telluric acid ammonium phosphate crystal using the nematic
liquid-crystal decoration technique; Guo et al.17 studied the
domain stability of (Pb0.76Ca0.24)TiO3 thin film using piezo-
response microscopy; Gruverman and Tanaka18 investigated
the nanoscale mechanism of retention behavior in
SrBi2Ta2O9 ~SBT! thin films by piezoresponse scanning
force microscopy.
In this article, we intend to establish a general formula-
tion to determine the stability conditions and the stable di-
mension of a 180° domain in a ferroelectric material to avoid
backswitching. An expression for the energy of a ferroelec-
tric material as a function of the domain geometry is first
derived. The thermodynamic driving force and the kinetic
equations governing the evolution of the domain are then
established. Based on the kinetic equations of the domain
and using the internal energy change as a Liapunov function,
a stability analysis is carried out, and the critical geometry of
the domain is determined. Finally, as an example, we con-
sider an ellipsoidal 180° domain in a ferroelectric material.
The ranges of its two size parameters for which backswitch-
ing will happen are determined.
II. ENERGY EXPRESSION
Assumed as a near-equilibrium thermodynamic process,
the speed of domain evolution can be assumed to be propor-
tional to the energy driving force, i.e., the total free energy
reduction rate with respect to the change in domain size. For
simplicity, the 180° domain is assumed to be in the form of
an oblate or prolate spheroid, the geometry of which is de-
scribable in terms of two parameters, a and c, where a5a1
FIG. 1. Schematic of the prolate spheroidal and oblate spheroidal domains.Downloaded 05 Dec 2011 to 158.132.161.9. Redistribution subject to AIP li5a2 and c5a3 . For the prolate case, a,c @Fig. 1~a!#, and
for the oblate case, a.c @Fig. 1~b!#. Under an applied elec-
trical field, a 180° domain will nucleate and expand. The
driving force for domain evolution is the reduction in free
energy in the process, which can be calculated by a surface
integral derived by Wang and Xiao13 for a general shape. In
this connection, the electrostatic energy of a ferroelectric ma-
terial with a general 180° domain depends on the geometry
of the domain. The energy driving force can be derived di-
rectly by taking the derivative with respect to each parameter
governing the geometry. For example, if the domain is as-
sumed to be an oblate or prolate spheroid, we can obtain the
driving force directly by taking the derivatives with respect
to shape parameters a and c.
Since there is no strain involved in the 180° domain,
only the electrostatic energy and domain-wall energy enter
into our analysis. The ferroelectric material can be modeled
as an ordinary dielectric material with spontaneous polariza-
tion PY s , whereas inside the 180° domain, the spontaneous
polarization is 2PY s . This problem can also be considered as
two subproblems:13 one that is related to a uniform dielectric
material with spontaneous polarization PY s , and the other re-
lated to this dielectric material, with an embedded region
with spontaneous polarization PY *522PY s , corresponding to
the 180° domain.
Consider a dielectric body V , containing an inclusion V
with spontaneous polarization 22PY s , subjected to an ap-
plied electric field. The total electric field is the sum of Ei
0
and Ei , where Ei
0 is the electric field applied in the absence
of the inclusion, and Ei is due to the spontaneous polariza-
tion prescribed in the inclusion. In the absence of strain, the
fundamental work associated with the change in electric field
is given by
dW*5 12EdD , ~1!
where D is the electric displacement vector.
Under two different boundary conditions, we can derive
the following two different energy expressions for the
system.
~1! On boundary S, the electric charge is given by r0
5ni(Di01Di), where Di0 and Di are the electric displace-
ment vectors due to r0 and the inclusion, respectively.
If the internal energy is assumed to be zero when DY
5PY , Ei
050, and the uniform ferroelectric polarization
charges were neutralized, the electrostatic energy can be
written as
W*5
1
2E E E
V
@Di
01Di2Pi*H~V!#~Ei
01Ei!dn , ~2!
where H(V) is the Heaviside step function in domain region
V. Since Di ,i50 in V and niDi50, niDi
05r0 on S, where ni
is the inward unit normal vector on the boundary, integration
by parts givescense or copyright; see http://jap.aip.org/about/rights_and_permissions
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V
Di~Ei
01Ei!dn
5E E E
V
$@Di~F01F!# , i2Di ,i~F01F!%dn
52E E
S
niDi~F01F!ds50, ~3!
E E E
V
Di
0Eidn5E E E
V
« i jE j
0Eidn
5E E E
V
Ei
0~Di2Pi!dn
52E E E
V
Ei
0Pi*dn . ~4!
Substitution of Eqs. ~3! and ~4! into Eq. ~2! yields
W*5
1
2 E E E
V
Di
0Ei
0dn2
1
2 E E E
V
Pi*Eidn
2E E E
V
Pi*Ei
0n . ~5!
Here the first term is the electrostatic energy due to the elec-
tric field applied in the absence of the spontaneous polariza-
tion inclusion. The second term is the electrostatic energy
due to the depolarization field of the spontaneous polariza-
tion, and the third term is the interaction energy of the two
electric fields. It is interesting to note that the electrostatic
energy is not the sum of the two energies due, respectively,
to EY 0 and PY , as stated by Colonnetti’s theorem in the coun-
terpart elastic problem.19,20 Under constant temperature, the
electrostatic energy can be treated as the Helmholtz free en-
ergy of the body. One needs to subtract the work done by
external charges to derive its Gibbs free energy G,
G5W*2E E
S
r0~F01F!ds
5W*2E E
S
r0F0ds2E E
S
FniDi
0ds
5
1
2 E E E
V
Ei
0Di
0dn2E E
S
r0F0ds
2
1
2 E E E
V
EiPi*dn , ~6!Downloaded 05 Dec 2011 to 158.132.161.9. Redistribution subject to AIP liwhere Eqs. ~4! and ~5! were used to derive Eq. ~6!. Without
the 180° domain, and assuming that a dielectric body is sub-
jected to r0 alone, the Gibbs free energy is given by
G05
1
2 E E E
V
Ei
0Di
0dn2E E
S
r0F0ds . ~7!
If spontaneous polarization due to inclusions is introduced in
V , the Gibbs free energy of the system will increase by
DG5G2G052
1
2 E E E
V
EiPi*dn . ~8!
One may be puzzled by this surprising result: the change in
Gibbs free energy of the system, due to the introduction of
inclusions with spontaneous polarization, is just the depolar-
ization energy of the inclusions. There is no interaction be-
tween the electric field applied and the spontaneous polariza-
tion. In fact, this surprising result is due to the boundary
condition we assumed. The electric charges along the bound-
ary remain unchanged when spontaneous polarization inclu-
sions are introduced into the body, which means that the
electric charges induced by the inclusions on the boundary
have been discharged. Thus, the interaction between the elec-
tric field applied and the spontaneous polarization has been
eliminated.
It is not easy to fix the electric charge distribution along
the boundary during the whole process. The result obtained
here in Sec. II suggests that the effect of the electric field
applied on domain switching may be eliminated by properly
adjusting the boundary conditions. More familiar results can
be obtained if the following boundary condition is used in-
stead.
~2! On boundary S, the electric potential F0 is given.
One can derive the electrostatic energy using Eq. ~2!. Thus,
since Di ,i50, Di ,i
0 50 in V and F50 on S, integration by
parts gives
E E E
V
Ei~Di
01Di!dn52E E E
V
@F~Di
01Di!# , idn
5E E
S
ni~Di
01Di!Fds50. ~9!
E E E
V
Ei
0Didn5E E E
V
Ei
0~« i jE j1Pi!dn
5E E E
V
Di
0Eidn1E E E
V
Ei
0Pi*dn
5E E E
V
Ei
0Pi*dn . ~10!
Substitution of Eqs. ~9! and ~10! into Eq. ~2! yieldscense or copyright; see http://jap.aip.org/about/rights_and_permissions
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1
2 E E E
V
@Di
01Di2Pi*H~V!#~Ei
01Ei!dn
5
1
2 E E E
V
Di
0Ei
0dn2
1
2 E E E
V
EiPi*dn . ~11!
It is interesting to note that the electrostatic energy here is
the sum of two contributions due to r0 and Pi* , respectively.
The increase in Gibbs free energy can be written as
DG5G2G052
1
2 E E E
V
EiPi*dn
2E E E
V
Ei
0Pi*dn , ~12!
where in deriving Eq. ~12!, we have used Eq. ~10! again.
Equations ~5!, ~8!, ~11!, and ~12! are general expressions
for the electrostatic energy and the changes in energy asso-
ciated with the introduction of a different ferroelectric do-
main in a ferroelectric material under different boundary
conditions. It can be seen that only the internal electric field
inside the domain is needed to evaluate the energy.
A given electric potential is the most common boundary
condition used. In this case, Eq. ~12! gives the free energyDownloaded 05 Dec 2011 to 158.132.161.9. Redistribution subject to AIP lichange associated with the growth of the domain. In the
following, we derive the explicit energy expressions for an
ellipsoidal domain. We divide the problem of an 180° do-
main in a ferroelectric body into two subproblems, as men-
tioned earlier. For an ordinary dielectric material with uni-
form spontaneous polarization PY s , the electric field is given
by
EY 05eY 02
PY s
«
, ~13!
where eY 0 is the electric field applied in the dielectric material
without spontaneous polarization, which may include inter-
nal electric field EY i as follows:
eY 05E0kY1EY i, ~14!
in which the electric field applied is assumed to be parallel
with the z axis, whereas the spontaneous polarization is
along the opposite direction of the z axis. When there is a
180° domain with spontaneous polarization 22PY s in this
dielectric material, the electric field inside the ellipsoidal do-
main is given by13
E352
Ps
2p« I3 , E15E250, ~15!
where for ellipsoidal domain, I3 is given by21I35H 4pca2$log@c/a1A~c/a !221#2Ac22a2/c%/~c22a2!3/2 prolate spheroid, c.a4p/3 sphere, c5a
4pa2c@A~a/c !2212arccos~c/a !#/~a22c2!3/2 oblate spheroid, c,a .
~16!Substitution of Eqs. ~14! and ~15! into Eq. ~12! yields
DG5G2G0
52
1
2 E E E
V
EiPi*dn2E E E
V
Ei
0Pi*dn
5
4p
3 ca
2F Ps22p« I322~E01Ei!Ps2 2Ps
2
« G , ~17!
where PY *52PskY , and we assume that the internal electric
field acts in parallel with the electric field applied. Equation~17! gives only the change in electrostatic energy due to the
introduction of an 180° domain. One needs to add the surface
energy of the wall as follows:
DT5
4p
3 ca
2F Ps22p« I322~E01Ei!Ps2 2Ps
2
« G
1G~a ,c !s , ~18!
where s designates the surface energy per unit area of the
wall, and G is the surface area of an ellipsoidal domain,
given byG~a ,c !55 2paFa1
c
A12a2/c2
arcsin~A12a2/c2!G , prolate spheroid, a,c
4pa2, sphere, a5c
2pa@a1c/A~a/c !221 log~a/c1A~a/c !221 !# , oblate spheroid, a.c .
~19!cense or copyright; see http://jap.aip.org/about/rights_and_permissions
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to calculate the change in free energy due to the introduction
of a ferroelectric domain in a general ferroelectric sample.
We assume that the process is isothermal, so that effects
due to a change in entropy can be neglected. Generally
speaking, the spontaneous polarization is a decreasing func-
tion of the temperature; it approaches zero when the tem-
perature approaches the Curie temperature of the material.
Thus the effect of the temperature can be taken into account
by substituting the spontaneous polarization as a function of
the temperature. In practice, the initial ferroelectric polariza-
tion charges on the surface can be neutralized in sufficient
time, therefore the third term in the square bracket in Eq.
~17! can be omitted.
For PZT thin film, we can use the following material
constants:4 spontaneous polarization: Ps530 mC/cm2; rela-
tive dielectric constant: «r51000; domain wall energy: s
54 mJ/m2. If electric field E05120 kV/cm is applied and
the internal electric field is assumed to be zero, the change in
free energy, Eq. ~18!, is a function of the 180° domain di-
mension $a ,c%, as shown in Fig. 2.
It is interesting to note from Fig. 2 that for a given trans-
verse size of the domain once the semiaxis c along the sym-
metric axis is above a critical value, the free energy of the
system will decrease. On the other hand, if one fixes the size
of the domain along the symmetry axis, the free energy al-
ways increases with an increase in the transverse size of the
domain. This provides an explanation for the observation
that the 180° domain always develops along the direction of
applied electric field first, and then sidewise development
follows.14
III. KINETIC EQUATIONS OF EVOLUTION
For a spheroidal domain, two parameters, a and c, com-
pletely describe the geometry of the domain. The rate of
evolution of the domain then depends on the driving forces
which are the free energy reduction rates accompanying the
change of a and c, i.e.,
FIG. 2. The free energy as a function of the domain size.Downloaded 05 Dec 2011 to 158.132.161.9. Redistribution subject to AIP lif a52
]~DT !
]a
,
f c52
]~DT !
]c
. ~20!
As discussed by Loge and Suo,9 the evolution rate can be
reasonably assumed to be proportional to the corresponding
driving force,
dc
dt 5M f c52M
]~DT !
]c
,
da
dt 5M f a52M
]~DT !
]a
, ~21!
where M is a material constant.
As discussed earlier in Sec. I, investigation on the back-
switching process, i.e., shrinking of the switched domains
after the removal of the electric field applied, is of both prac-
tical and scientific interest. Here, the back-switching process
is driven by reduction of the depolarization energy and the
domain-wall energy, whereas the internal electric field and
the coercive field provide resistance.
Equation ~21! is a system of nonlinear differential equa-
tions, which we will not attempt to solve. Instead, our inter-
est is in the conditions of stability of the solution. Knowing
that (a ,c)5(0,0) is a stationary point, we can determine the
condition under which backswitching can be avoided if we
can find its area of attraction, because all solutions of Eq.
~21! starting in this area will asymptotically approach the
stationary point.
Although the Liapunov criterion22 may be used to deter-
mine the stability of a stationary point and an associated area
of attraction, there is no guarantee that this area contains all
the starting points of solutions that eventually end up in the
stationary point. In the following, we will determine the area
of attraction using the phase diagram of the solution. We can
choose the change in internal energy of the system as a Li-
apunov function:
L~a ,c !52
1
2 E E E
V
EiPi*dn1G~a ,c !s , ~22!
where the first term comes from Eq. ~17! by setting the elec-
tric field applied to zero. It is obvious that L(a ,c).0 for all
(a ,c)Þ0, and L(0,0)50. Therefore, the total derivative of
the Liapunov function corresponding to Eq. ~21! is
dL
dt 5
]L
]a
 dadt 1
]L
]c
 ]c
]t
5M S f a ]L]a 1 f c ]L]c D . ~23!
The stability condition for the stationary point ~0, 0! can be
identified if dL/dt,0. This can be expressed as
2S ]L]a D
2
2S ]L]c D
2
1
]L
]a
]
]a E E E
V
Ei
0Pi*dn
1
]L
]c
]
]c E E E
V
Ei
0Pi*dn,0. ~24!cense or copyright; see http://jap.aip.org/about/rights_and_permissions
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L~a ,c !5
4a2c
3« Ps
2I3~a ,c !1G~a ,c !s ,
E E E
V
Ei
0Pi*dn5
8p
3 a
2c~E01Ei!Ps . ~25!
We set the electric field applied as E050. Taking PZT
material as an example,1 and assuming an internal field of 60
kV/cm, spontaneous polarization is Ps530 mC/cm2; the
relative dielectric constant is «r51000; the domain wall en-
ergy is s54 mJ/m2. For an ellipsoidal domain, Eq. ~24!
gives, to good approximation, a linear relation between a and
c:
c,3.2a1a0 , ~26!
where a0 is about 4 nm. The region given by Eq. ~26! in-
cludes the stationary point ~0, 0!. It is obvious that the zero
solution is asymptotically stable. Next we need to determine,
the area of the origin, which contains all the starting points
of solutions that have the origin as a stationary point. If the
transverse size a of the ellipsoidal domain is much larger
than a0 , the critical aspect ratio approaches a constant, i.e.,
bc53.21
431029
a
’3.2. ~27!
A generalization of Eq. ~26! can be written as
c5ka1b , ~28!
where slope k is found to depend on the internal electric field
and the spontaneous polarization, and parameter b is found
to depend mainly on the wall energy.
Noting that b is very small, we make the approximation
that b5c/a remains constant. Then Eq. ~24! can be written
as
c
]L
]a F 83« Ps2aI3~b!2 163 paEiPs1sGˆ ~b!G
1a
]L
]c F 43« Ps2aI3~b!2 83 paEiPs1sGˆ ~b!G.0, ~29!
where G(a ,c ,c)5acGˆ (b). Since ]L/]a.0 and ]L/]c.0,
and numerous numerical calculations have shown that the
wall energy contribution is small, Eq. ~29! can be approxi-
mated by
8
3« Ps
2aI3~b!2
16
3 paE
iPs.0. ~30!
Since a.0, we have
I3~b!.
2p«Ei
Ps
, ~31!
in which we have considered that I3(b), b5c/a is a mono-
tonic decreasing function of the aspect ratio ~Fig. 3!. Substi-
tution of the material constants into Eq. ~31! gives the critical
aspect ratio bc’3.4, which agrees very well with our nu-
merical results.Downloaded 05 Dec 2011 to 158.132.161.9. Redistribution subject to AIP liSince Eq. ~21! is an autonomous equation with a simple
attractor at the origin (a ,c)5(0,0), it is easy to compute its
phase diagram based on
dc
da 5
f c
f a . ~32!
From the phase diagram, the region of instability can be
determined for PZT material. Any solution that starts from
this region will eventually end up in the attractor at the ori-
gin, i.e., shrink to zero ~Fig. 4!.
Experimental results of the aspect ratio of stable 180°
domains in a bulk ferroelectric body were always found to be
much larger than the critical value. For example, Gopalan
and Mitchell5 found that the aspect ratio of dagger shape
domains for TGS single crystal is 13.662.2. Woo et al.23
found an aspect ratio of 5:14 for the dagger shape domain in
PZT thin film. To quantify the back-switching resistance of
the domain, one can replace internal electric field Ei by co-
FIG. 3. Parameter I3(b) vs the aspect ratio b5c/a .
FIG. 4. Unstable area of 180° domain ~shaded!.cense or copyright; see http://jap.aip.org/about/rights_and_permissions
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analysis gave a minimum aspect ratio of a stable domain of
the order of 100 for PZT thin film, which is unrealistically
too large. It may be worthwhile to redo the stability analysis
of the AFM-tip/PZT film/substrate configuration using our
formulation.
As a simple example, we consider a spherical domain.
We further assume unrealistically that it will expand along
the radial direction. In this case, Eq. ~18! becomes
DT5
4p
3 a
3S 2Ps23« 22E0PsD 14pa2s , ~33!
and the evolution equation becomes
da
dt 52M F4pa2S 2Ps
2
3« 22E0PsD 18pasG . ~34!
If we define the stationary points ac at which driving force
da/dt is zero, i.e.,
ac150,
ac25
2s
2E0Ps22Ps
2/~3«!
, ~35!
it is easy to verify that ac150 is a stable equilibrium point,
whereas ac2 is a nonstable stationary point from the sign of
the derivative of the right-hand side of Eq. ~34!. That means
if the 180° domain size is in the range of 0<a<ac2 , it will
shrink to zero, if its domain size is in the range of a>ac2
will expand to fill the whole sample. Thus ac2 is the critical
radius of 180° domain nucleation. The variation of critical
radius ac versus the electric field applied E0 for PZT is
shown in Fig. 5. Using Eq. ~35!, one can also obtain the
condition for the electric field applied or the internal electric
field, under which the 180° domains will always shrink,
E0
c<
Ps
3« . ~36!
One should bear in mind that the stability analysis for ellip-
soidal domain is very different from that for a spherical do-
FIG. 5. Critical radius of 180° domain nucleation vs the electric field
applied.Downloaded 05 Dec 2011 to 158.132.161.9. Redistribution subject to AIP limain. Even if the starting shape of a domain is spherical, it
may not keep its spherical shape during the evolution pro-
cess. The stability analysis should not be performed under
the a priori assumption of spherical symmetry. For the ex-
pansion process of the 180° domain, the driving force comes
from the interaction energy of the electric field applied and
spontaneous polarization, whereas the resistance is provided
by the depolarization energy, domain wall energy, and coer-
cive field. One can also carry out a stability analysis based
on the foregoing formulation to determine the critical dimen-
sion of the domain, above which it will expand into the
whole sample in an unstable manner.
IV. CONCLUDING REMARKS
Based on evolution equations, a general formulation for
the investigation of the stability of microstructures has been
established. If only one parameter x is needed to describe the
kinetic equation,
dx
dt 5 f ~x !, ~37!
one can determine its stable point and the associated attrac-
tion region by considering its right-hand side. But if more
than two parameters are needed to describe the system evo-
lution, one can choose the internal energy change of the sys-
tem, expressed as a function of the microstructural param-
eters and environment, as the Liapunov function. The
stability properties of the system can then be analyzed
readily. As an important application, the method is used to
determine the critical dimensions in which switched domains
in ferroelectric materials will switch back upon removal of
external voltage. Besides the obvious scientific interest, such
a theory can be used to provide the necessary guidance for
the production of stable switched domains. This is especially
important for the fabrication of ferroelectric memory de-
vices. Although the analysis has focused on an ellipsoidal
domain in a bulk ferroelectric material in which an explicit
expression for the depolarization energy can be derived, it
can be extended to cases of more complicated geometry, in
which the depolarization field and energy may be evaluated
numerically. The effect of the temperature can also be taken
into account through the temperature-dependent spontaneous
polarization. In this analysis, we assumed the driving force
for shrinkage of the domain is the depolarization energy and
the domain-wall energy, and that resistance is provided by
the internal electric field. However, the reversal of polariza-
tion would necessitate domain-wall motion, which is a dissi-
pative process commonly characterized by a coercive field.
Thus one can also replace or add the resistant terms by the
coercive field in the energy expressions. Furthermore, the
analysis is sufficiently general that it can be extended to
many similar phenomena, such as phase transformation, dis-
location loop nucleation, expansion, etc.
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